Duality in fixed point theory of multivalued mappings with applications  by Tarafdar, E & Husain, T
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 63, 371-376 (1978) 
Duality in Fixed Point Theory of 
Multivalued Mappings with Applications 
E. TARAFDAR* 
Department of Mathematics, M&faster University, Hamilton, Ontario, 
Canada and University of Queensland, Brisbane, Australia 
AND 
T. HUSAIN+ 
Department of Mathematics, McMaster University, Hamilton, Ontario, Canada 
Submitted by Ky Fan 
Bohnenblust-Karlin [2] extended the fixed point theorem of Kakutani [lo] 
for multivalued mappings on Banach Spaces. Ky Fan [3] and Glicksberg [9] 
extended independently the same to locally convex linear topological spaces. 
Ky Fan [3] applied his result to a number of applications in series of subsequent 
papers [4], [5], [6], [7], and [8]. A particular case of one of these results [3] and 
[8] includes a theorem of von Neumann [ 1 l] which in turn, implies the funda- 
mental theorem of game theory. In [l] Browder proved a simple but powerful 
fixed point theorem and obtained various new results as well as simpler proofs 
of the basic results of Ky Fan [3] and [8]. 
In this paper we consider the dual situation. Since each fixed point of a 
multivalued mapping is a fixed point of its inverse (multivalued) mapping, 
it is possible to make a dual statement of a fixed point theorem to yield a fixed 
point of the inverse mapping. 
In the present paper, we consider dual statements for multivalued mappings 
specifically related to two basic fixed point theorems: namely, Browder’s frxed 
point theorem [l] and the fixed point theorem of Ky Fan [3]. We also apply 
these dual theorems to a number of applications which are dual to those in [3] and 
[8]. In particular, we obtain a theorem dual to the theorem of von Neumann. 
We hope this duality principle (see section 1) will yield new results in other 
areas. 
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SECTION 1 
Let T be a multivalued mapping of a set K into 2”, the collection of all subsets 
of K, i.e. for each x E K, T(x) is a nonempty subset of K. By a fixed point of T, 
we mean a point x E K such that x E T(x). The set T(K) = UZEK T(x) is called 
the range of T. For each y E T(K), we can define a nonempty set T-l(y) = 
{x E K: y E T(x)). To see that this set is nonempty, we note that y E T(K) 
implies that there is x E K such that y E T(x) and so x belongs to T-l(y). Thus 
given a multivalued mapping T: K ---f 2K, we can define a multivalued mapping 
T-l: T(K) + 2K, called the inverse mapping of T by T-l: y  -+ T-l(y), y  E T(K). 
It is easy to see that x is a fixed point of T if and only if x is a fixed point of T-l. 
Thus to prove the existence of a fixed point of T, it is enough to prove the existence 
of a fixed point of T-l, and vice versa. We shall call this phenomenon the duality 
in fixed point theory of multivalued mappings. In what follows we shall be 
concerned with the application of this simple idea. We will need the following 
well known concepts. 
If X and Y are two topological spaces, a multivalued mapping (here after 
called simply a mapping) T of X into 2r is called upper semicontinuous if for 
each x,, of X and an arbitrary neighborhood U of T(x,,) in Y, there exists a 
neighborhood N of x,, in X such that T(x) C U for all x E N. 
If X and Y are both compact spaces and T(x) is closed for each x E X, then 
it is well known (see e.g. Browder [l], lemma, p. 285) that T is upper semi- 
continuous if and only if its graph G(T) = {(x, y): x E K, y  E T(x)} is closed 
in X x Y. In other words, T is upper semicontinuous in this case if and only if, 
givenanetx,-txEX,x,EXandanety,-tyEY,y,ET(x,),thenyET(x). 
It is now easy to see that if X, Y and T(X) (the range of 7’) are compact and 
if both T(x) (x E K) and T-l(y) (y E T(x)) are closed then T: X 4 2X is upper 
semicontinuous if and only if the inverse mapping T-l: T(X) ----f 2x is upper 
semicontinuous. For, let T be upper semicontinuous. Let ys -+ y E T(X), 
ys E T(X) and xs ---f x E X, x6 E T-l(y,). Then x6 -+ x E X, ys + y E T(x) C Y, 
and ys E T(xs) because x6 E T-l(yJ and T is upper semicontinuous. Hence 
y E T(x). Thus x E T-l(y) and T-l is upper semicontinuous. Noting that T(X) 
is compact, we can prove the converse similarly. 
In the rest of this section we shall consider the dual statements related to a 
theorem of Browder [l] and the Kakutani-Ky Fan theorem [3]. First we state 
these two original theorems. 
THEOREM (1.1)’ (Browder [l]). Let K be a nonempty compact conwex subset 
of a linear HausdorfI topological space. Let T be a mapping of K into 2x such that 
(i) for each x E K, T(x) is a nonempty conwex subset of K; 
(ii) for each y  E K, T-l(y) is open in K. 
Then there exists x0 E K such that x0 E T(x,). 
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THEOREM (1.2)’ (Ky Fan [3]). Let K be a compact convex subset of a locally 
convex linear Hausdor- topological space E and T be a mapping of K into 2K such 
that T is upper semicontinuous and for each x E K, T(x) is nonempty closed and 
convex. Then there is a point x0 E K such that x,, E T(x,J. 
The following theorem is dual to Theorem (1.1)‘. 
THEOREM 1.1. Let K be a nonempty subset of a linear Hausdorff topological 
space E. Let T be a mapping of K into 2E such that 
(i) X = T(K) is compact convex and K _C X; 
(ii) for each y  E X, T-l(y) is a convex subset of K, 
(iii) for each x E K, T(x) is an open subset of X. 
Then there is a point x,, E K such that x,, E T(x,,). 
Proof. We define the mapping F of X into 2K by F(x) = T-l(x), x E X. 
Noting that F-l(y) = T(y) f  or each y  E K, it is easy to see that F satisfies the 
conditions of theorem (1.1)‘. H ence there is a point x0 E X such that x0 E F(x,,) = 
T-l(x,,). Thus x,, E T(x,) and x0 E K because F(x,,) C K. 
Our next theorem is dual to theorem (1.2)‘. 
THEOREM 1.2. Let K be a nonempty compact subset of a locally convex linear 
Hausdorff topological space E. Let T be a mapping of K into 2E such that 
(i) X = T(K) is compact convex and K C X; 
(ii) T is upper semicontinuous; 
(iii) T(x) is closed for each x E K; 
(iv) T-l(x) is a closed convex subset of K for each x E X. 
Then there is a point x,, E K such that x,, E T(x,,). 
Proof. As before we define the mapping F of X into 2K by F(x) = T-l(x), 
x E X. Since X and K are compact sets and both T(x) (x E K) and T-l(y), 
(y E X) are closed, by our considerations at the beginning of this section, 
F = T-l is upper semicontinuous. Hence by Theorem (1.2)’ there is a point 
x0 E X such that x,, EN = T-l(x,,). Thus x,, E T(x,) and x,, E K because 
F(x,) C K. 
SECTION 2 
In this section we present some results which can be viewed as dual to those 
of Ky Fan [8]. Browder [l] h as also shown the validity of the results of Ky Fan [8] 
as a direct application of theorems (1.1)’ and (1.2)’ of Section 1. We apply the 
dual theorems (1.1) and (1.2) to obtain our results. In what follows we will use 
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the notations of Browder [l]. The following theorem is dual to Theorem 1 of [8] 
(Theorem 11 of [l]) [in th e sense that we interchange the words “open” and 
“convex” in (a) and (b)]. 
THEOREM 2.1. Let KI , K, ,..., K, be n > 2 nonempty compact convex sets, 
each in a real linear Hausdorff topological space, and let K = J$=, Kj . Let 
s, , s, ,...> S, be n subsets of K having the following properties: 
(a) Let Kj = nizi Ki , and let us denote the points of & by U$ . 
For each j = 1, 2 ,..., n and for each point xj in Kj , the set Sj(xj) = (Zi E Kj: 
[xj , Gj] E Sj} is a convex subset of $ . 
(b) For each j = 1, 2,..., n andfor each .$ E b& , the set S,(a,) = {xi E Kj: 
[xj , j+] E Sj} is a nonempty open subset of Kj . 
(c) For each x = (x1, x2 ,..., x,) E K, let A(x) = & Sj(ai) where Zj 
is the natural projection of x on Kj . Assume that UzeK A(x) = K. Then 
n,“=, sj z @. 
Proof. By (b) for each x E K, A(x) is a nonempty open subset of K. We 
define a mapping T of K into 2K by T(x) = A(x). By (c), urEK T(x) = K. For 
any point y  = (yr ,y? ,..., yJ E K, we consider the set T-‘(y) = (X E K: 
Y 6 TW. 
Clearly x E T-l(y) if y  E T(x), i.e. u E A(x) = ny=, S,(&), i.e. if yj E S,($) 
for each j = 1, 2,..., n, i.e. if Pj E Sj( yj) for each j = 1, 2 ,..., n. Hence T-‘(y) = 
CLlNY~) x 43 h h w ic is a convex set by (a). Thus T satisfies all the conditions 
of Theorem (1.1). Hence there is a point z E K such that z E T(z). Hence 
z E nj”=, S&Sj), i.e. zj E S,(i$) for j = 1, 2,..., n. Therefore z = [zj , $J E Sj 
for all j = 1, 2,..., n. Thus z E fiT=, Si. 
THEOREM 2.2. Let KI , K, ,. .., K,andKbeasin Theorem2.1.LetfI ,fi ,...,fa 
be n real valued functions on K with the following properties: 
(a) For each j = 1, 2,..., n and for each xj E Kj , the function fj(xj , 5$) is a 
quasi concave function of sj on Kj (i.e. for each real number t, the set {aj E &: 
fj(xj , Gj) > t} is a convex subset of b&i,. 
(b) For each j = 1, 2,..., n and each .Gj E Kj , fj(xj , Gj) is a lower semi-’ 
continuous function of xj on Kj (i.e. for each real number t, the set {xj E K,: 
fi(xj , Gj) > t} is an open subset of Kj). 
(c) Let t, , t, ,..., t, be n real numbers such that for each j = I, 2 ,..., n and 
for each 4, of Kj , there exists a point yj E Kj such that fj( yj , 2j) > tj . 
(d) For j = 1, 2,..., n, define the nonempty (by (c)) subsets Sj = {U E K: 
f,(u) > ti>. With KI , K, ,..., K, , K and S, , S, ,..., S, , define A(x) for each 
x E K as in Theorem 2.1. Assume that uZEK A(x) = K. Then there is a point 
et E K such that fj(v) > ti for all j = 1, 2 ,..., n. 
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Proof. The condition (b) implies that for each j and each & E & the set 
Sj(ij) = {xj E Kj : [xj , $1 E Sj} is an open subset of Ki . The condition 
(c) implies that Si(sj) is nonempty for eachj and each Zj E $ . Finally condition 
(a) implies that for eachj and each xj E Kj , the set Sj(Xj) = {kj E &: [xi , $1 E Sj} 
is a convex subset of Rj . Thus all the conditions of Theorem 2.1 are satisfied 
and so there is a point ~6 K such that VE Si for all i = 1, 2,..., n. Hence 
fj(v) > tj for all j = 1, 2 ,..., 72. 
The above theorem is dual to Theorem 3 of Ky Fan [8] (see also Theorem 12 
in [l]), in the sense that the conditions of lower semicontinuity and quasi 
concavity have changed their positions. 
Our next theorem is dual to a theorem of Ky Fan [8] (see also Theorem 13 of 
Browder [l]) in our sense. This theorem of Ky Fan includes a theorem of von 
Neumann [l l] which in turn implies the fundamental theorem of two-person 
zero sum game. 
THEOREM 2.3. Let {Kn: X E I} be a family f  0 nonempty compact convex sets, 
each in a locally convex linear Hausdorfl topological space E, . Let .K = mAEI KA 
andfor each h E I, let I?,, = nuich Ku . 
Let {S,: h ~1) b e a corresponding indexed family of closed subsets of K 
having the following properties: 
(a) For each x = (x3 E K and each X E I, s,(a,) = { yA E K,,: [ yA , a,] E S,,} 
is nonempty, where .Cn is the natural projection of x on Z?,+; 
(b) For each x = {x~} E K and each h E I, S,(x,) = { y,, E l?,,: [x~ , jn] E S,} 
is a convex subset of l?‘,,; 
(c) Let for each x = (x~} E K, A(x) = IJE, S,,(P,), Assume that 
UrEK A(x) = K. Then final S, # a. 
Proof. Since KA and S, are compact for each h E I, it is easy to see that for 
each x E K and X E I, S,(k,) is a closed and, therefore, compact subset of K, . 
Hence for each x E K, A(x) is a compact subset of K. Let us define a mapping T 
of K into 2K by T(x) = A( x , x E K; (A(x) being nonempty by (a)). Thus T(x) ) 
is compact and hence closed for each x E K. That T(x) is nonempty follows from 
condition (a). Now we consider the set T-l(y), y  E K. x E T-l(y) if and only if 
y  E T(x) = A(x) = l-IA S,(&), i.e. if and only if yA E 5’,(&) for each h ~1, i.e. 
if and only if U?~ E S,( yA) for each h E I. Hence T-l(y) = fins, {S,( yA) x KA} 
which is a convex set by condition (b). Further since l?,+ and S,\ are compact 
respectively in JJ,,A E,, and E, , it follows that for each yn E K,, , S,( yA) is a 
closed set. Therefore T-l(y) is also closed for each y  E K. Finally we show that 
T is upper semicontinuous. The same proof given by Browder ([l], Theorem 13) 
holds here). For the sake of completeness, we repeat the proof. We show that 
the graph G(T) is a closed subset of K x K. Suppose that [x, y] $ G(T) i.e. 
y  + T(x) = A(x). Then there must be an index h E I such that yA 4 s,(a,), i.e. 
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[y,, , a,] $ S, . Since S, is compact, there is a neighborhood U of yA in K,, and 
a neighborhood V of .C,, in l?,, such that U x V does not intersect S, . We 
consider the neighborhoods u’ of y and V’ of x in K defined by U’ = U x l?, 
and V’ = KA x V. It now follows that for any x E I” and any7 E u’, jj,, $ SA(gA). 
Hence U’ x I” does not intersect G(T). Thus [x, y] is not a limit point of G(T). 
It follows then that G(T) is closed. Hence all the conditions of Theorem (1.2)’ 
are satisfied. Therefore there is a point u E K such that u E Z’(u), i.e. [Us , a,] = 
uESAforeachhEIandson,,,S, # O. 
Remark. Apart from the fact that the family {E,) in Theorem 2.3 need not 
have to be finite, the difference between Theorems 2.1 and 2.3 lies in the 
topological assumptions on spaces E,; namely, the spaces E, in Theorem 2.3 
are assumed to be locally convex, whereas there is no such restriction on the 
corresponding spaces of Theorem 2.1. 
REFERENCES 
1. F. E. BROWDER, Fixed point theory of multivalued mappings in topological vector 
space, Math. Ann. 177 (1968), 283-301. 
2. H. F. BOHNENBLUST AND S. KARLIN, On a theorem of Games” (A. W. Tucker, Ed.), 
pp. 155-160, Princeton Univ. Press, Princeton, N. J., 1950. 
3. FAN, K., Fixed point and minimax theorems in locally convex linear spaces, Proc. 
Nut. Acad. Sci. U.S.A. 38 (1952), 121-126. 
4. K. FAN, A generalization of Tychonoff’s fixed point theorem, Math. Ann. 142 (1961), 
305-310. 
5. K. FAN, A minimax inequality and applications, in “Inequalities III, Proceedings of 
the Third Symposium on Inequalities” (0. Shisha), Ed.), pp. 103-113, Academic 
Press, New York, 1972. 
6. K. FAN, Invariant cross sections and invariant linear subspaces, Israel I. Math. 2 
(1964), 19-26. 
7. K. FAN, Sur un theoreme minimax, C. R. Acad. Sci. Paris 259 (1964), 3925-3928. 
8. K. FAN, Application of a theorem concerning sets with convex sections, Math. Ann. 
163 (1966), 189-203. 
9. I. L. GLICKSBERG, A further generalization of the Kakutani fixed point theorem with 
application to Nash equilibrium points, PTOC. Amer. Math. Sot. 3 (1952), 170-174. 
10. S. KAKUTANI, A generalization of Brouwer’s fixed point theorem, DuAe Math. J. 8 
(1941), 457-459. 
11. J. VON NEWMANN, Uber ein okonomisches Gleichungssystem und eine Verall- 
gemeinerung des Brouwerschen Fixpunktsatzes, Ergeb. Math. Kolloq. 8 (1937), 73-83. 
